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Dual synchronization of chaos in one-way coupled microchip lasers

A. Uchida, S. Kinugawa, T. Matsuura, and S. Yoshimori
Department of Electronics and Computer Systems, Takushoku University, 815-1 Tatemachi, Hachioji, Tokyo 193-0985, Jap

~Received 29 July 2002; published 27 February 2003!

We experimentally demonstrate the dual synchronization of chaos in two pairs of Nd:YVO4 microchip lasers
in a one-way coupling configuration over one transmission channel. Dual synchronization is achieved when the
optical frequency is matched between the corresponding pairs of lasers by using injection locking. We inves-
tigate the influence of optical injection from the two master lasers to one slave laser, and found that the dual
synchronization is observed when the injection locking is achieved between either of the master lasers and the
slave laser. Under the condition of the injection locking between both of the master lasers and the slave laser,
the injection locking is alternately achieved and the accuracy of dual synchronization is degraded. We also
confirm these results by numerical calculation.
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I. INTRODUCTION

The technique of synchronization of chaos in laser s
tems has a potential for applications of optical secure co
munications and spread spectrum communications@1,2#.
Synchronization of chaos is used to share the same cha
the transmitter and the receiver as a cryptographical co
Many studies on the synchronization of chaos have b
reported in one-way coupled laser systems so far for
purpose of optical communications. However, since the c
figuration of synchronization is limited to a single pair
lasers, this method cannot be applied for multiuser comm
nication systems@3#. From the dynamic point of view, syn
chronization of chaos in multiple pairs of lasers is a ve
interesting topic.

There have been many studies on the synchronizatio
chaos in multiple lasers or laser arrays@4–6#. In these con-
figurations, the laser beams are mutually coupled to e
other, and the chaotic dynamics of coupled lasers are to
different from those of a solitary laser. This configuration
not used for optical communications, in which a chao
wave form in the transmitter must not be changed after tra
mission to the receiver. Thus we need to employ a synch
nization technique of chaos in one-way coupled lasers w
multiple pairs.

Multiplexing chaos using synchronization has been
ported in a simple map and electronic circuit model by Tsi
ring and Sushchik@7#. Dual synchronization of chaos ha
also been investigated to synchronize two different pairs
chaotic maps and delay-differential equations by Liu a
Davis @8#. To synchronize each pair of chaotic systems,
the parameter settings must be identical between the tr
mitter and the receiver, whereas they must be slightly shi
between different pairs of chaotic systems. Although it h
been shown theoretically in Refs.@7,8# that it is possible to
synchronize each pair of multiplexed chaotic oscillato
these multiplexing synchronization methods have not b
directly applied to chaos in laser experiments. In particu
the injection-locking effect has not been investigated
achieve dual synchronization in these studies, although
injection-locking effect is very important for synchronizatio
of chaos in laser systems@9#. It is necessary to investigat
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synchronization of multiplexing chaos in laser systems
multiuser optical communications using chaos.

In this paper, we experimentally demonstrate the d
synchronization of chaos in two pairs of Nd:YVO4 micro-
chip lasers in a one-way coupling configuration over on
transmission channel. We changed the optical frequenc
each laser and controlled the condition of injection locking
achieve dual synchronization between the correspond
pairs in the transmitter and the receiver, instead of the ma
ing of internal parameters, which has been done in the p
vious studies of Refs.@7,8#. We also investigate the charac
teristics of dual synchronization by both experiment a
numerical simulations when the injection-locking conditio
is changed.

II. EXPERIMENT

A. Setup

Figure 1 shows our experimental setup for the dual s
chronization of chaos. We use four Nd:YVO4 microchip
crystals~1.1 at. % doped; II-VI Inc.!, which were obtained
from the same crystal rod. Each crystal is pumped by
individual laser diode~Coherent Inc., DCF81-1000C-100
FC! with two focusing lenses. We set each microchip lase
oscillate with a single-longitudinal mode at a low pumpin
power. The temperatures of the microchip crystals and
laser diodes are controlled by thermoelectric coolers~resolu-
tion of 0.01 K! for fine tuning of the laser frequencies. Tw
of the microchip lasers are used as master lasers, which
will refer to as ‘‘M1’’ for master laser 1 and ‘‘M2’’ for
master laser 2. The other two lasers are used as slave l
~‘‘ S1’’ for slave laser 1 and ‘‘S2’’ for slave laser 2!. For M1
and M2, the injection current of a laser diode used f
pumping is sinusoidally modulated to obtain chaotic pul
tion. A fraction of the master laser outputs is mixed at a be
splitter and propagates through one-transmission channe
free space~the thick solid lines in Fig. 1!. The combined
signals ofM1 andM2 are injected into the two slave lase
cavities for dual synchronization. An optical isolator for ea
master laser is used to achieve one-way coupling with
isolation of 260 dB. Chaotic temporal wave forms of th
four lasers are simultaneously detected with photodiodes
©2003 The American Physical Society20-1
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a digital oscilloscope~Sony Tektronix, TDS420!. The optical
spectra of the lasers are measured with a Fabry-Perot s
ning interferometer~TEC-Optics, SA-7.5!. The beat frequen-
cies between the four lasers are measured with a ra
frequency ~rf! spectrum analyzer~Advantest, R3131!
through a photodiode.

The modulation frequencies of the pumping laser dio
are 2.46 MHz and 2.43 MHz for the master and slave las
and the relaxation oscillation frequencies of the master
slaver lasers are 0.700 MHz and 0.640 MHz, respectiv
Note that the fundamental oscillation frequencies of cha
wave forms are dependent upon the relaxation oscilla
frequencies rather than the modulation frequencies.
other laser parameters used in our experiments are as
lows: the injection currents of the laser diodes areJM1
5243 mA, JM25342 mA, JS15339 mA, and JS2
5332 mA, where the subscripts indicate the correspond
laser. The temperatures of the laser diodes for pumping
set to 298.00 K for all laser diodes. The temperatures of
microchip lasers areTM15295.18 K, TM25300.50 K, TS1
5298.00 K, andTS25298.00 K. The injection powers o
the master lasers are set toPM1,S1 5 0.139 mW and
PM2,S150.095 mW measured in front ofS1, and PM1,S2
50.193 mW, PM2,S250.133 mW measured in front ofS2.
The powers of the slave lasers arePS152.81 mW andPS2
52.87 mW, respectively.

B. Experimental results

Injection locking is a very important phenomenon f
chaos synchronization@9,10#. The optical frequencies of ou
microchip lasers are tuned linearly as functions of the te

FIG. 1. Experimental setup for dual synchronization of cha
BS, beam splitter; F-P, Fabry-Perot interferometer; IS, optical
lator; L, lense; LD laser diode; M, mirror; MCL, Nd:YVO4 micro-
chip laser; PD, photodiode; PM, pump modulation; VA, variab
attenuator.
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perature of the crystals at 1.2 GHz/K. First we adjust
temperatures ofM1 andM2 to obtain injection-locking be-
tween the optical frequencies of a pair ofM1 andS1 ~ref-
ered to as ‘‘M1-S1’’ !, and a pair of ‘‘M2-S2’’ by monitoring
the spectra on the Fabry-Perot scanning interferometer. T
we observe six peaks of frequency beats between the
lasers on the rf spectrum analyzer. When two of the b
frequencies forM1-S1 andM2-S2 are adjusted within the
injection-locking ranges~100 and 80 MHz, respectively!
with more accurate temperature control ofM1 andM2, the
two beat frequencies disappear and the two laser frequen
in each pair forM1-S1 andM2-S2 are perfectly matched
Conversely, the other beat frequencies forM1-S2, M2-S1,
M1-M2, andS1-S2 remain at the same frequency of 1
GHz, which is out of the injection-locking range. In th
case, the injection-locking effect is achieved only forM1-S1
andM2-S2, not for the other coupling combinations.

Figure 2 shows the temporal wave forms and their cor
lation plots ofM1-S1 @Figs. 2~a! and 2~b!#, M2-S2 @Figs.
2~c! and 2~d!#, M1-S2 @Figs. 2~e! and 2~f!#, and M2-S1
@Figs. 2~g! and 2~h!#. Synchronization of chaos is achieve
between the corresponding pairs ofM1-S1 andM2-S2 in-
dependently under injection-locking, whereas it is n
achieved forM1-S2 andM2-S1. TheS1 laser reproduces
the M1 component separately from the injection signal
the combination ofM1 andM2. The output ofS2 is also
synchronized with only theM2 component although the
combined signal ofM1 andM2 is injected. Thus, we have
achieved dual synchronization of chaos in two pairs of m
crochip lasers.

It can be seen in Fig. 2 that the injection signal fromM2
to S1 has no influence on the synchronization betweenM1
andS1. To investigate the influence of theM2 signal on the
synchronization ofM1-S1, we change the beat frequency
M2-S1 maintaining the synchronization ofM1-S1 and
M2-S2 under their injection-locking conditions of 100 an
80 MHz, respectively. We change the temperatures ofM2
and S2 simultaneously to maintain synchronization
M2-S2. As the beat frequency ofM2-S1 is decreased from
1.6 GHz to 0 MHz, the synchronization of chaos betwe
M1 andS1 degrades due to the interference ofM2 on S1.
Here, we quantitatively estimate the accuracy of synchro
zation as variance of the normalized correlation plot from
best-fit linear relation@9# as follows:

s25
1

N (
i

N

~ I m,i2I s,i!
2, ~2.1!

where N is the total number of samplings of the tempor
wave forms~15 000 points!, I m,i and I s,i are the normalized
intensities of the master and slave lasers at thei th sampling
point. A smaller variances2 implies higher accuracy o
chaos synchronization. We measure the accuracy forM1-S1
as a function of the beat frequency ofM2-S1 at three differ-
ent injection powers ofM2, as shown in Fig. 3~a!. At a large
injection power@the thick solid curve in Fig. 3~a!#, the accu-
racy degrades as the beat frequency is decreased, becau
injection-locking effect betweenM2 andS1 improves. At a

.
-

0-2



fo

io

e

e
n

o
e-
the
ncy

re-

-

of

-
n

-

as
u-

f
en

f

s

ri-
ro-
ions
s.

he

DUAL SYNCHRONIZATION OF CHAOS IN ONE-WAY . . . PHYSICAL REVIEW E67, 026220 ~2003!
small injection power~the thin solid curve!, synchronization
does not degrade due to less influence from theM2 injec-
tion. We also continuously change the injection power ofM2
by varying the transmittance of the variable attenuator
M2 while the beat frequency ofM2-S1 is fixed, as shown in
Fig. 3~b!. As the injection power is increased, a degenerat
of synchronization is observed at a small beat frequency
M2-S1 @the thick solid curve in Fig. 3~b!# due to the strong
injection of theM2 signal. Therefore, when we satisfy th
conditions to achieve injection locking betweenM2 andS1,
less synchronization of chaos is observed betweenM1 and
S1.

The condition for achieving dual synchronization is d
pendent upon an injection-locking range that is differe
from the case of a single pair of microchip lasers@9#. The

FIG. 2. Temporal wave forms and their correlation plots for t
pair of M1-S1 @~a!, ~b!#, M2-S2 @~c!, ~d!#, M1-S2 @~e!, ~f!#, and
M2-S1 @~g!, ~h!#.
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frequency dynamics of an injection-locked laser with tw
different injection lights are very important for the achiev
ment of dual synchronization. We therefore investigate
accuracy of dual synchronization when the optical freque
of M2 approaches the optical frequencies ofM1 and S1,
which are locked all the time. Figure 4 shows the cor
sponding correlation plots ofM1-S1 andM2-S1 at the beat
frequencies ofM2-M1 of 1 GHz and 100 MHz. Synchroni
zation of chaos is achieved betweenM1-S1 @Fig. 4~a!#, and
no linear correlation appears in the correlation plots
M2-S1 @Fig. 4~b!#, since the frequency ofM2 is far from the
frequencies ofM1 and S1. Conversely, as the beat fre
quency ofM2-M1 is decreased to 100 MHz, the correlatio
of M1-S1 is degraded and that ofM2-S1 is improved as
shown in Figs. 4~c! and 4~d!. The accuracy of synchroniza
tion for M2-S1 is better than that forM1-S1 at the small
beat frequency of 100 MHz. In this case, a part of theS1
component is pulled to the frequency ofM2, and there is a
partial injection-locking betweenM2 andS1. Therefore, the
frequency pulling effect betweenM2 and S1 reduces the
accuracy of synchronization ofM1-S1.

We investigate the change of accuracy systematically
the frequency ofM2 is changed. Figure 5 shows the acc
racy of synchronization forM1-S1 ~the solid curve! and
M2-S1 ~the dotted curve! as a function of the detuning o
M2-M1. The accuracy of synchronization is varied betwe
M1-S1 andM2-S1 as the detuning ofM2-M1 is changed.
When the frequency ofM2 approaches the initial value o
the frequency ofS1 ~where the detuning ofM1-M2 is
2150 MHz), the most accurate value forM2-S1 and the
least accurate value forM1-S1 are observed. These curve
indicate that the accuracy of synchronization forM2-S1 is
improved as the frequency pulling effect betweenM2 and
S1 is gradually increased.

III. NUMERICAL CALCULATION

A. Model

To confirm our experimental observations, we nume
cally calculate a model for dual synchronization using mic
chip lasers. We expand the Tang-Statz-deMars equat
@9,11# for the dual synchronization of four microchip laser
The rate equations are described as follows:

Master 1

dn0,m1

dt
5w0,m1@11wp,m1cos~2pt f p,m1t1Fm1!#2n0,m1

2S n0,m12
n1,m1

2 DEm1
2 , ~3.1!

dn1,m1

dt
52n1,m11~n0,m12n1,m1!Em1

2 , ~3.2!

dEm1

dt
5

Km1

2 F S n0,m12
n1,m1

2
D21GEm1 ; ~3.3!

Master 2
0-3



of

d

of

UCHIDA et al. PHYSICAL REVIEW E 67, 026220 ~2003!
dn0,m2

dt
5w0,m2@11wp,m2cos~2pt f p,m2t1Fm2!#2n0,m2

2S n0,m22
n1,m2

2 DEm2
2 , ~3.4!

dn1,m2

dt
52n1,m21~n0,m22n1,m2!Em2

2 , ~3.5!

dEm2

dt
5

Km2

2 F S n0,m22
n1,m2

2 D21GEm2 ; ~3.6!

FIG. 3. Accuracy of chaos synchronization for the pair
M1-S1 as functions of~a! the beat frequency ofM2-S1, and~b!
the injection power ratio ofM2 to M1. ~a! The power ratio was
fixed at22.5 dB for the thick solid curve,214 dB for the dotted
curve, and221 dB for the thin solid curve.~b! The beat frequency
is fixed at 50 MHz for the thick solid curve, 260 MHz for the dotte
curve, and 500 MHz for the thin solid curve.
02622
Slave 1

dn0,s1

dt
5w0,s12n0,s12S n0,s12

n1,s1

2 DEs1
2 , ~3.7!

dn1,s1

dt
52n1,s11~n0,s12n1,s1!Es1

2 , ~3.8!

FIG. 4. Correlation plots forM1-S1 @~a!, ~c!# andM2-S1 @~b!,
~d!#. ~a!,~b! The beat frequency ofM2-M1 is 1 GHz.~c!,~d! The
beat frequency ofM2-M1 is 100 MHz.

FIG. 5. Accuracy of chaos synchronization for the pair
M1-S1 ~the solid curve! andM2-S1 ~the dotted curve! as a func-
tion of the beat frequency ofM2-M1.
0-4
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dEs1

dt
5

Ks1

2 F S n0,s12
n1,s1

2 D21GEs1

1
Ks1

2
b11Em1cos~Dmm1,s1!

1
Ks1

2
b21Em2cos~Dmm2,s1!; ~3.9!

Slave 2

dn0,s2

dt
5w0,s22n0,s22S n0,s22

n1,s2

2 DEs2
2 , ~3.10!

dn1,s2

dt
52n1,s21~n0,s22n1,s2!Es2

2 , ~3.11!

dEs2

dt
5

Ks2

2 F S n0,s22
n1,s2

2 D21GEs2

1
Ks2

2
b12Em1cos~Dmm1,s2!

1
Ks2

2
b22Em2cos~Dmm2,s2!; ~3.12!

Phase difference

d~Dmm1,s1!

dt
52ptDnm1,s12

Ks1

2
b11

Em1

Es1
sin~Dmm1,s1!

2
Ks1

2
b21

Em2

Es1
sin~Dmm2,s1!, ~3.13!

d~Dmm2,s1!

dt
52ptDnm2,s12

Ks1

2
b11

Em1

Es1
sin~Dmm1,s1!

2
Ks1

2
b21

Em2

Es1
sin~Dmm2,s1!, ~3.14!

d~Dmm1,s2!

dt
52ptDnm1,s22

Ks2

2
b12

Em1

Es2
sin~Dmm1,s2!

2
Ks2

2
b22

Em2

Es2
sin~Dmm2,s2!, ~3.15!

d~Dmm2,s2!

dt
52ptDnm2,s22

Ks2

2
b12

Em1

Es2
sin~Dmm1,s2!

2
Ks2

2
b22

Em2

Es2
sin~Dmm2,s2!, ~3.16!

wheren0 andn1 are the space-averaged and the first Fou
components, respectively, of population inversion den
with spatial hole burning normalized by the threshold val
E is the normalized amplitude of the lasing electrical fie
The subscriptsm1, m2, s1, s2 indicate the master 1, maste
02622
r
y
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2, slave 1, and slave 2 lasers, respectively.Dmmi,s j5mmi

2ms j12pDnmi,s jt is the phase difference of lasing field b
tween thei th master and thejth slave lasers (i , j are 1 or 2!.
Dnmi,s j5nmi2ns j is the lasing frequency detuning betwee
the i th master and thej th slave lasers.w0 is the optical pump
parameter scaled to the laser threshold.K5t/tp , wheret is
the upper state lifetime andtp is the photon lifetime in the
laser cavity.b i j is the coupling strength from thei th master
to the jth slave lasers.wp and f p are the pump modulation
amplitude and frequency.F is the initial phase of pump
modulation. Time is scaled byt. We use the fourth-orde
Runge-Kutta-Gill method to calculate these equations.

FIG. 6. Numerical results showing temporal wave forms a
their correlation plots for the pair ofM1-S1 @~a!, ~b!#, M2-S2 @~c!,
~d!#, M1-S2 @~e!, ~f!#, andM2-S1 @~g!, ~h!#.
0-5
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B. Numerical results

During the calculation, we set parameter values
Nd:YVO4 microchip lasers as follows: lasing wavelength
1.064mm, cavity length of 1.0 mm, refractive index of 1.9
and the reflectivities of the cavity mirrors of 99.8% an
99.1% at 1.064mm. From these values, the photon lifetim
in the laser cavity is calculated astp51.15 ns. The fluores
cent decay time of the upper laser level is set tot5 88 ms,
thusK5t/tp57.673104. When the optical pumping param
eterw0 is set at 1.7, the corresponding relaxation oscillat
frequency is 0.42 MHz. To generate chaotic oscillation in
pump modulation system, we set the pump modulation a
plitude at wp50.40, the pump modulation frequency atf p
50.70 MHz, and the initial phase of modulation atFm
5Fs50. All the parameters for the four lasers are set to
identical except the initial conditions.

We calculate the temporal wave forms and correlat
plots for the four lasers as shown in Fig. 6. The coupl
strengths are set to 50% for all the lasers. In these coup
strengths, the injection-locking range is within 35 MHz. T

FIG. 7. Numerical results showing accuracy of chaos synch
nization for the pair ofM1-S1 as functions of~a! the beat fre-
quency ofM2-S1, and~b! the injection power ratio ofM2 to M1.
02622
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frequency detunings are set to be small for the correspon
pairs of lasers to achieve injection-locking, i.e.,Dnm1,s1
5Dnm2,s2520 MHz, whereas they are large enough for d
ferent pairs of lasers, i.e.,Dnm1,s25Dnm2,s15200 MHz.
Synchronization of chaos is achieved between the co
sponding pairs ofM1-S1 andM2-S2 due to the injection-
locking effect. Conversely, synchronization is not achiev
for the different pairs ofM1-S2 and M2-S1. We can
achieve dual synchronization of chaos when the freque
detuning is adjusted. These results are consistent with
experimental observations shown in Fig. 2.

We also calculate the influence of injection light in a sla
laser from the other pair of the master laser. Figure 7 sho

-

FIG. 8. ~a! Numerical results showing accuracy of chaos sy
chronization for the pair ofM1-S1 ~the solid curve! and M2-S1
~the dashed-dotted curve! as a function of the beat frequency o
M2-M1. ~b! Average frequency differences ofS1 ~the solid curve!
and M2 ~the dashed-dotted curve! from M1 ~the dotted line! as a
function of the beat frequency ofM2-M1.
0-6
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DUAL SYNCHRONIZATION OF CHAOS IN ONE-WAY . . . PHYSICAL REVIEW E67, 026220 ~2003!
the accuracy of chaos synchronization forM1-S1 as a func-
tion of the beat frequency ofM2-S1 @Fig. 7~a!# and the
injection power ratio ofM2 to M1 @Fig. 7~b!#. These nu-
merical calculations in Fig. 7 agree with our experimen
results in Fig. 3, where synchronization of chaos forM1-S1
degrades as the beat frequency ofM2-S1 or the injection
power of M2 approaches its injection-locking range. Th
we have confirmed numerically that dual synchronization
chaos can be achieved in two pairs of microchip lasers w
the optical frequencies are locked only between the co
sponding pairs of microchip lasers.

We calculate the accuracy of synchronization not only
M1-S1 but also forM2-S1 when the beat frequency o
M2-M1 is changed as shown in Fig. 8~a!. As the frequency

FIG. 9. ~a! Temporal wave forms ofM1, M2, andS1, and~b!
phase dynamics ofS1 under the small beat frequency ofM2-M1
~150 MHz!.
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of M2 approaches to the frequencies ofM1 and S1, the
accuracy forM2-S1 is improved, whereas the accuracy
M1-S1 is degraded. These results correspond to our exp
mental result shown in Fig. 5. To confirm frequency dyna
ics of dual synchronization, we calculate the average
quency differences ofS1 andM2 from M1 by using Eqs.
~3.13! and ~3.14!, when the frequency ofM2 is changed as
well in Fig. 8~a!. Figure 8~b! shows the average frequenc
differences ofS1 ~the solid curve! and M2 ~the dashed-
dotted curve! from M1 ~the dotted line!. At large frequency
of M2, the frequency ofS1 is locked toM1, which is a
normal injection-locking effect. As the frequency ofM2 ap-
proaches that ofM1, the frequency ofS1 is pulled to that of
M2 and the average frequency ofS1 moves betweenM1
and M2. Therefore, the injection-locking betweenM1 and
S1 is degraded due to theM2 injection.

Figure 9 shows the temporal dynamics ofM1, M2, and
S1, and the corresponding phase dynamics ofS1 at the de-
tuning ofM2-M1 of 150 MHz under the injection of the two
master lasers. There are stepwise variations for phase
namics. The values of slopes of the phase dynamics co
spond to frequency detuning ofS1-M1, i.e., 0 and 120 MHz,
which correspond to the frequency differences ofM1-S1
andM2-S1. While the pulses ofM1 are injected into theS1
laser, the frequency difference ofM1-S1 is equal to zero,
which implies injection-locking is achieved forM1-S1. On
the other hand, the frequency ofM2 is locked to that ofS1
only in the presence of theM2 pulses. Therefore, the fre
quency ofS1 is locked to that of eitherM1 or M2, and the
locking is automatically switched betweenM1 and M2,
which depends on the presence of the injected pulses f
either of the two master lasers. Therefore, synchronizatio
instantaneously achieved betweenM1-S1 andM2-S1 dur-
ing the duration of injection-locking. The injection-lockin
and synchronization phenomena in one-way coupled m
tiple pairs of lasers are different from the case for the s
chronization in a single pair of lasers.

IV. CONCLUSION

We have experimentally demonstrated the dual synch
nization of chaos in two pairs of Nd:YVO4 microchip lasers
in a one-way coupling configuration over one transmiss
channel. Dual synchronization is achieved when the opt
frequency is matched between the corresponding pairs o
sers by using injection-locking. The accuracy of synchro
zation betweenM1 and S1 is degraded as the injectio
power ofM2 into S1 is increased or the detuning frequen
between M2 and S1 is decreased. The achievement
injection-locking for the corresponding pairs of lasers is i
portant for the dual synchronization. We have confirmed
dual synchronization of chaos by numerical calculation. T
frequency of theS1 is locked to that of eitherM1 or M2
under two optical injection, and the locking is automatica
switched betweenM1 andM2, which depends on the pres
ence of the injected pulses from either of the two mas
lasers.
0-7
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